A THEOREM OF SYLVESTER AND SCHUR

Pavrn Erpos*.

[Extracted fram the Journal of the London Mathematical Society, Val, 9, Part 4.]

The theorem in question asserts that, if n = [, then, in the set of integers
n, n+1, n+2, ..., n+k—1, there is a number containing a prime divisor
greater than £ If n=/[+1, we obtain the well-known theorem of
Chebyshev, The theorem was first asserted and proved by Sylvestery
about forty-five years ago. Recently Schur] has rediscovered and again
proved the theorem.

The following proof is shorter and more elementary than the previous
ones. We shall not use Chebyshev's results, =0 that we shall also prove
Chebyshev’s theorem§.

* Received 22 March, 1934; read 20 April, 1934.

¢ J. J. Sylvester, "On arithmetical series”, Messenger of Math., 21 (18%2), 1-19,
87-120; and Collecied mathematical papers, 4 (1912), 687-731.

t J.Schur, ** Einige Satze iber Primzahlen mit Anwendung auf Trreduzibilitiatsfragen ™’
Sitzungsherichie der preussischen Akademie der Wissenschaften, Phys. Math. Klasse, 23 (1029),
1-24.

§ P. Erdés, “ Beweis eines Satzes von Tschebyschef”, Acta Lit. ac Sci. Regiae
Universitatis Hungaricae Franscisco-Josephinae, 5 (1932), 194-198.
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We first express the theorem in the following form :

e . . S
) contains a prime divisor grealer than I

If n = 2k, then (.{

We shall prove first the following lemma :
If (2) 18 divisible by a power of a prime p, then p* < n.
. n n!
The expression ( I ) = =R TRT
contains the prime p with the exponent
n k n—k n k n—ik
F-EHF D+ (E- D)
G
LR pa pu _'p'l

where pr=n < prtl,

It is immediately clear that each of these a terms has the value 0 or 1.

Hence the highest power of p which can divide (f) 18 a.

1. Let #(k) denote the number of primes less than or equal to k. It is

clear that, for £ =8, =(k) << It. Hence, if (r) had no prime factors greater

than [, we should have, from the lemma, (z) < n*. On the other hand,

it is evident that
(n) _nn—=1n—-2 n—Fk+4l . (_:-?_,>*'
k] &k k—1k-2" 1 g

n\F ;
consequently (T) <z ik,

§.e n¥® < Lk,

which evidently does not hold when k <~ y/n. Thus we have proved the
theorem for
B k<40
It may be observed that we have also proved incidentally that, if
n > 2. there is always a prime number between 4/n and n.
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Since = (k) < 3k for k> 37* (we see the validity of this proposition by
considering the number of integers less than k and not divisible by 2, 3, and
5) we can prove the theorem. just asin § 1. for

37T <hk<wni

2. Now we consider the general case, i.e. I >n%. We suppose that
=37, If (}, ) contains no prime divisor exceeding k. then
L

(;)’ MHp T p I p.

p=k p=vn pEva

This inequality is an immediate consequence of the lemma about the
prime power divisors of (z)
First we shall provet that

> H p Ti e 1 ppe. (1)
= mTvn

For this purpose. we ana]yse the prime factors of the binomial coeflicient

It is evident that (ﬂ ) contains every prime p such that n < p << 2n, since
the numerator is divisible by p and the denominator is not.
Further, @?) is divisible by any prime p such that
V< p = (2n)

for any positive integer a. For the prime p occurs in x! to the power

NS el

and in (2r)! to the power

<H _L[?'_"' _a_.__[ﬁ]_z_l
pd Lpt " Ll

; .m
ginee =1,
p

* Schur, ibid., 7
t+ P.Erdés, ** Egy Kirschik féle elemi szdmelméleti tétel dltaldnositisa,” Math. és Phys,
Lapok, 39 (1932), 19-22,
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Consequently the prime p is contained in (f:l) to the power

]_z_[‘r;zj[_'_FZn] ' pu_.] I:n:l__s:.[ ] [pf’_l] =1,
since ;—?:] =2 [%:J

Let us now denote by {x} the least integer greater than or equal to x,
and put

_ln) _Im) (%)
A=y STEr o W e
Then [ M- 3 M T 05—
2n
Further, ;.,,_.-H 21+1+1 < 2a;,4+1,

and so, since @, and a,., dre integers,
ay < 2y . (2)

If now m is the first exponent for which n/2™ < 1, then a,, = 1. Since
2a, > n, it is evident from (2) that the interval 1 <y <n is completely
covered by the intervals

Q<Y 2y, O <Y 285 4, .., @<y < 2a.
It is easily seen from (2) that the interval
1<y <[vn]
is completely covered by the intervals
Wa,] <u <V @a,)l [V <y<[V(2a, )]

for any integer L =1
From all this, it follows that

2a 2a 2a
mp 11 I e () L) o (o) 3
mfanp M=y Pkpmv‘ﬂ P 25 iy L (3)

the right side being a multiple of the left.
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Now we show that

(G~ () < z

which in combination with (3) establishes (1),
We easily prove by simple arithmetic that (4) holds for any number »

less than or equal to 10,
Suppose now that n =10 and that (4) holds for any integer less than n.

2a 2a  2a 2a
Now ( 1) ( 2) .au) l) 42051 =
o @y (s ( i, = (“1 ! (3)

which we obtain by applying (4) with #n = 2a,—1, for it is easily seen that
{3(2a,—1)} = a,, {}(2a,—1)}=ay,
We easily obtain by induction that, for any » = 5,

(211.) < 4n1
n

Hence, from (5),

(2:11) (2.:1-2) ('Ea,m) < 4a1-142a,-1
@y iy Ay ’

and, since Z2a, <_n--1, 2a,<Ca,;+1. the exponent

which evidently establishes (4).

Now MHp I p NI p.. <4k, (1)

p<k  psvE p<Uk
and, in particular, taking k= +/n,

I p I p H p.. <4
pEvn BV psva

If now & = n#, then rf/’k >"Wn for 12, and so, from (1),

e I p I p...<4ak

p=k  psvn psva

and so Hp II p I p..<dktvs (6)
P<k psvn psvm
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2]
oo
e |

Hence (?) < 4k+vr_ and this leads, as we shall now prove, to a eontradiec-
tion.

Suppose first that » = 4k, then (i}”) < (E) . On the other hand.

4,{-) B (2,(1) 4h(4k—1)...(3k+4-1)  4F. 2k gk

L

k/2k@k—1)..(k+1) ~ 26 2%
e k
since L'f‘) = 4’}1
s
and thus TS ghtvan
ok
1.6, 3_!: < ‘L\/n‘

We can eazily prove by induction that 2% = 2L 4. 2538~ 3 for | = 20
(which does not need any new restriction, for in this paragraph k > 37).
Thus 223 < 22vn e k<< 34/n.

But, by hypothesis, L > 2%, whence n < 35— 720, which means a
contradietion for n = 724,

3. Suppose next that

Sk << n << 4k.
Then

()~ (2 BRI ). (R k)
U-) "'(ke SR(2h—1)...(k+1)

¢

37

1f (:.i) contains again no prime divisor greater than or equal to &,

‘le—
Lol B o
_—
-I-l’;l

then

i.e (:1;1).’_' < 4\;'“'

Since n< 4k, (3 <2k, 28VE
and 2> 3n4+1 for n>=3,

i.e. 2Vl > o[ /k]+1 for. k=9,
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and thus 22wkl < 2
it follows that (§) <z 287K,

Since (7)4 > 2, 2tk < 26vk which is an evident contradiction for & > 576.
This means that our theorem holds for n = 2304,

4. Finally, we have to consider the case

2k <n < [5k].

Then (;ﬂ = (ik) = j;;

But in this case, when p <_I is a divisor of (E), p < in; for in the

denominator of n!/[k! (n—k)!], p <k <n—k oceurs to the second power,
consequently it must oceur in the numerator to at least the third power,
and so p < In.

Since 1n >t for n>>27, we have +/( in) ="V/n, and from this,
taking k=={n in (1’), we have, just as in (6),

5
:}L‘ < qhn+v/ "

‘ES :ii f_{_.'il-'-{- Vi
o a 4 .
. . __1._.!‘:
From this we obtain S qvn,
Now we have AVl > [v/n]+-1,
'f:.E?. ,1[1/35] -~ n ~ 9.
and so gk q2ve or k< 124/n.

Since & > {n, this cannot be true if » > 1296. Thus we have proved the
theorem when £ = 7, with the exception of a finite number of other cases.
The case I <7 may be easily settled by a simple discussion and the
other exceptions by means of tables of primes.
I close by taking the opportunity of expressing my great indebted-
ness to Prof. L. J. Mordell for his kind assistance.

Printed by C. F. Hadgson & Son, Lid., Newton St. London, W.C.2.
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